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Foreword 

In 1977, recognizing the lack of international consensus on the expression of uncertainty in measurement, the 
world's highest authority in metrology, the Comité International des Poids et Mesures (CIPM), requested the 
Bureau International des Poids et Mesures (BIPM) to address the problem in conjunction with the national 
standards laboratories and to make a recommendation. 

The BIPM prepared a detailed questionnaire covering the issues involved and distributed it to 32 national 
metrology laboratories known to have an interest in the subject (and, for information, to five international 
organizations). By early 1979 responses were received from 21 laboratories [1].1) Almost all believed that it 
was important to arrive at an internationally accepted procedure for expressing measurement uncertainty and 
for combining individual uncertainty components into a single total uncertainty. However, a consensus was not 
apparent on the method to be used. The BIPM then convened a meeting for the purpose of arriving at a 
uniform and generally acceptable procedure for the specification of uncertainty; it was attended by experts 
from 11 national standards laboratories. This Working Group on the Statement of Uncertainties developed 
Recommendation INC-1 (1980), Expression of Experimental Uncertainties [2]. The CIPM approved the 
Recommendation in 1981 [3] and reaffirmed it in 1986 [4]. 

The task of developing a detailed guide based on the Working Group Recommendation (which is a brief 
outline rather than a detailed prescription) was referred by the CIPM to the International Organization for 
Standardization (ISO), since ISO could better reflect the needs arising from the broad interests of industry and 
commerce. 

Responsibility was assigned to the ISO Technical Advisory Group on Metrology (TAG 4) because one of its 
tasks is to coordinate the development of guidelines on measurement topics that are of common interest to 
ISO and the six organizations that participate with ISO in the work of TAG 4: the International Electrotechnical 
Commission (IEC), the partner of ISO in worldwide standardization; the CIPM and the International 
Organization of Legal Metrology (OIML), the two worldwide metrology organizations; the International Union of 
Pure and Applied Chemistry (IUPAC) and the International Union of Pure and Applied Physics (IUPAP), the 
two international unions that represent chemistry and physics; and the International Federation of Clinical 
Chemistry (IFCC). 

TAG 4 in turn established Working Group 3 (ISO/TAG 4/WG 3) composed of experts nominated by the BIPM, 
IEC, ISO, and OIML and appointed by the Chairman of TAG 4. It was assigned the following terms of 
reference: 

To develop a guidance document based upon the recommendation of the BIPM Working Group on the 
Statement of Uncertainties which provides rules on the expression of measurement uncertainty for use 
within standardization, calibration, laboratory accreditation, and metrology services; 

The purpose of such guidance is 

⎯ to promote full information on how uncertainty statements are arrived at; 

⎯ to provide a basis for the international comparison of measurement results. 

                                                      

1) See the Bibliography. 

* Footnote to the 2008 version: 
In producing this 2008 version of the GUM, necessary corrections only to the printed 1995 version have been introduced 
by JCGM/WG 1. These corrections occur in subclauses 4.2.2, 4.2.4, 5.1.2, B.2.17, C.3.2, C.3.4, E.4.3, H.4.3, H.5.2.5 and 
H.6.2. 
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2 Definitions 

2.1 General metrological terms 

The definition of a number of general metrological terms relevant to this Guide, such as “measurable quantity”, 
“measurand”, and “error of measurement”, are given in Annex B. These definitions are taken from the 
International vocabulary of basic and general terms in metrology (abbreviated VIM)* [6]. In addition, Annex C 
gives the definitions of a number of basic statistical terms taken mainly from International Standard 
ISO 3534-1 [7]. When one of these metrological or statistical terms (or a closely related term) is first used in 
the text, starting with Clause 3, it is printed in boldface and the number of the subclause in which it is defined 
is given in parentheses. 

Because of its importance to this Guide, the definition of the general metrological term “uncertainty of 
measurement” is given both in Annex B and 2.2.3. The definitions of the most important terms specific to this 
Guide are given in 2.3.1 to 2.3.6. In all of these subclauses and in Annexes B and C, the use of parentheses 
around certain words of some terms means that these words may be omitted if this is unlikely to cause 
confusion. 

2.2 The term “uncertainty” 

The concept of uncertainty is discussed further in Clause 3 and Annex D. 

2.2.1 The word “uncertainty” means doubt, and thus in its broadest sense “uncertainty of measurement” 
means doubt about the validity of the result of a measurement. Because of the lack of different words for this 
general concept of uncertainty and the specific quantities that provide quantitative measures of the concept, 
for example, the standard deviation, it is necessary to use the word “uncertainty” in these two different senses. 

2.2.2 In this Guide, the word “uncertainty” without adjectives refers both to the general concept of 
uncertainty and to any or all quantitative measures of that concept. When a specific measure is intended, 
appropriate adjectives are used. 

2.2.3 The formal definition of the term “uncertainty of measurement” developed for use in this Guide and in 
the VIM [6] (VIM:1993, definition 3.9) is as follows: 

uncertainty (of measurement) 
parameter, associated with the result of a measurement, that characterizes the dispersion of the values that 
could reasonably be attributed to the measurand 

NOTE 1 The parameter may be, for example, a standard deviation (or a given multiple of it), or the half-width of an 
interval having a stated level of confidence. 

NOTE 2 Uncertainty of measurement comprises, in general, many components. Some of these components may be 
evaluated from the statistical distribution of the results of series of measurements and can be characterized by 
experimental standard deviations. The other components, which also can be characterized by standard deviations, are 
evaluated from assumed probability distributions based on experience or other information. 

NOTE 3 It is understood that the result of the measurement is the best estimate of the value of the measurand, and 
that all components of uncertainty, including those arising from systematic effects, such as components associated with 
corrections and reference standards, contribute to the dispersion. 

2.2.4 The definition of uncertainty of measurement given in 2.2.3 is an operational one that focuses on the 
measurement result and its evaluated uncertainty. However, it is not inconsistent with other concepts of 
uncertainty of measurement, such as 

_____________________________ 

* Footnote to the 2008 version: 
The third edition of the vocabulary was published in 2008, under the title JCGM 200:2008, International vocabulary of 
metrology — Basic and general concepts and associated terms (VIM). 
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3 Basic concepts 

Additional discussion of basic concepts may be found in Annex D, which focuses on the ideas of “true” value, 
error and uncertainty and includes graphical illustrations of these concepts; and in Annex E, which explores 
the motivation and statistical basis for Recommendation INC-1 (1980) upon which this Guide rests. Annex J is 
a glossary of the principal mathematical symbols used throughout the Guide. 

3.1 Measurement 

3.1.1 The objective of a measurement (B.2.5) is to determine the value (B.2.2) of the measurand (B.2.9), 
that is, the value of the particular quantity (B.2.1, Note 1) to be measured. A measurement therefore begins 
with an appropriate specification of the measurand, the method of measurement (B.2.7), and the 
measurement procedure (B.2.8). 

NOTE The term “true value” (see Annex D) is not used in this Guide for the reasons given in D.3.5; the terms “value 
of a measurand” (or of a quantity) and “true value of a measurand” (or of a quantity) are viewed as equivalent. 

3.1.2 In general, the result of a measurement (B.2.11) is only an approximation or estimate (C.2.26) of 
the value of the measurand and thus is complete only when accompanied by a statement of the uncertainty 
(B.2.18) of that estimate. 

3.1.3 In practice, the required specification or definition of the measurand is dictated by the required 
accuracy of measurement (B.2.14). The measurand should be defined with sufficient completeness with 
respect to the required accuracy so that for all practical purposes associated with the measurement its value 
is unique. It is in this sense that the expression “value of the measurand” is used in this Guide. 

EXAMPLE If the length of a nominally one-metre long steel bar is to be determined to micrometre accuracy, its 
specification should include the temperature and pressure at which the length is defined. Thus the measurand should be 
specified as, for example, the length of the bar at 25,00 °C* and 101 325 Pa (plus any other defining parameters deemed 
necessary, such as the way the bar is to be supported). However, if the length is to be determined to only millimetre 
accuracy, its specification would not require a defining temperature or pressure or a value for any other defining parameter. 

NOTE Incomplete definition of the measurand can give rise to a component of uncertainty sufficiently large that it 
must be included in the evaluation of the uncertainty of the measurement result (see D.1.1, D.3.4, and D.6.2). 

3.1.4 In many cases, the result of a measurement is determined on the basis of series of observations 
obtained under repeatability conditions (B.2.15, Note 1). 

3.1.5 Variations in repeated observations are assumed to arise because influence quantities (B.2.10) that 
can affect the measurement result are not held completely constant. 

3.1.6 The mathematical model of the measurement that transforms the set of repeated observations into 
the measurement result is of critical importance because, in addition to the observations, it generally includes 
various influence quantities that are inexactly known. This lack of knowledge contributes to the uncertainty of 
the measurement result, as do the variations of the repeated observations and any uncertainty associated 
with the mathematical model itself. 

3.1.7 This Guide treats the measurand as a scalar (a single quantity). Extension to a set of related 
measurands determined simultaneously in the same measurement requires replacing the scalar measurand 
and its variance (C.2.11, C.2.20, C.3.2) by a vector measurand and covariance matrix (C.3.5). Such a 
replacement is considered in this Guide only in the examples (see H.2, H.3, and H.4). 

_____________________________ 

* Footnote to the 2008 version: 
According to Resolution 10 of the 22nd CGPM (2003) “... the symbol for the decimal marker shall be either the point on the 
line or the comma on the line...”. The JCGM has decided to adopt, in its documents in English, the point on the line. 
However, in this document, the decimal comma has been retained for consistency with the 1995 printed version. 
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knowledge (see 4.3), and the estimated standard deviation u is sometimes called a Type B standard 
uncertainty. 

Thus a Type A standard uncertainty is obtained from a probability density function (C.2.5) derived from an 
observed frequency distribution (C.2.18), while a Type B standard uncertainty is obtained from an assumed 
probability density function based on the degree of belief that an event will occur [often called subjective 
probability (C.2.1)]. Both approaches employ recognized interpretations of probability. 

NOTE A Type B evaluation of an uncertainty component is usually based on a pool of comparatively reliable 
information (see 4.3.1). 

3.3.6 The standard uncertainty of the result of a measurement, when that result is obtained from the values 
of a number of other quantities, is termed combined standard uncertainty and denoted by uc. It is the 
estimated standard deviation associated with the result and is equal to the positive square root of the 
combined variance obtained from all variance and covariance (C.3.4) components, however evaluated, using 
what is termed in this Guide the law of propagation of uncertainty (see Clause 5). 

3.3.7 To meet the needs of some industrial and commercial applications, as well as requirements in the 
areas of health and safety, an expanded uncertainty U is obtained by multiplying the combined standard 
uncertainty uc by a coverage factor k. The intended purpose of U is to provide an interval about the result of a 
measurement that may be expected to encompass a large fraction of the distribution of values that could 
reasonably be attributed to the measurand. The choice of the factor k, which is usually in the range 2 to 3, is 
based on the coverage probability or level of confidence required of the interval (see Clause 6). 

NOTE The coverage factor k is always to be stated, so that the standard uncertainty of the measured quantity can be 
recovered for use in calculating the combined standard uncertainty of other measurement results that may depend on that 
quantity. 

3.4 Practical considerations 

3.4.1 If all of the quantities on which the result of a measurement depends are varied, its uncertainty can be 
evaluated by statistical means. However, because this is rarely possible in practice due to limited time and 
resources, the uncertainty of a measurement result is usually evaluated using a mathematical model of the 
measurement and the law of propagation of uncertainty. Thus implicit in this Guide is the assumption that a 
measurement can be modelled mathematically to the degree imposed by the required accuracy of the 
measurement. 

3.4.2 Because the mathematical model may be incomplete, all relevant quantities should be varied to the 
fullest practicable extent so that the evaluation of uncertainty can be based as much as possible on observed 
data. Whenever feasible, the use of empirical models of the measurement founded on long-term quantitative 
data, and the use of check standards and control charts that can indicate if a measurement is under statistical 
control, should be part of the effort to obtain reliable evaluations of uncertainty. The mathematical model 
should always be revised when the observed data, including the result of independent determinations of the 
same measurand, demonstrate that the model is incomplete. A well-designed experiment can greatly facilitate 
reliable evaluations of uncertainty and is an important part of the art of measurement. 

3.4.3 In order to decide if a measurement system is functioning properly, the experimentally observed 
variability of its output values, as measured by their observed standard deviation, is often compared with the 
predicted standard deviation obtained by combining the various uncertainty components that characterize the 
measurement. In such cases, only those components (whether obtained from Type A or Type B evaluations) 
that could contribute to the experimentally observed variability of these output values should be considered. 

NOTE Such an analysis may be facilitated by gathering those components that contribute to the variability and those 
that do not into two separate and appropriately labelled groups. 

3.4.4 In some cases, the uncertainty of a correction for a systematic effect need not be included in the 
evaluation of the uncertainty of a measurement result. Although the uncertainty has been evaluated, it may be 
ignored if its contribution to the combined standard uncertainty of the measurement result is insignificant. If the 
value of the correction itself is insignificant relative to the combined standard uncertainty, it too may be 
ignored. 









JCGM 100:2008 

 

© JCGM 2008 – All rights reserved  21
 

NOTE 2 If each pi is either +1 or −1, Equation (12) becomes 2 2
1[ ( ) ] [ ( ) / ]N

c i i iu y y u x x==∑ , which shows that, for this 
special case, the relative combined variance associated with the estimate y is simply equal to the sum of the estimated 
relative variances associated with the input estimates xi. 

5.2 Correlated input quantities 

5.2.1 Equation (10) and those derived from it such as Equations (11a) and (12) are valid only if the input 
quantities Xi are independent or uncorrelated (the random variables, not the physical quantities that are 
assumed to be invariants — see 4.1.1, Note 1). If some of the Xi are significantly correlated, the correlations 
must be taken into account. 

5.2.2 When the input quantities are correlated, the appropriate expression for the combined variance 2
c ( )u y  

associated with the result of a measurement is 
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where xi and xj are the estimates of Xi and Xj and u(xi, xj) = u(xj, xi) is the estimated covariance associated 
with xi and xj. The degree of correlation between xi and xj is characterized by the estimated correlation 
coefficient (C.3.6) 
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where r(xi, xj) = r(xj, xi), and −1 u r(xi, xj) u +1. If the estimates xi and xj are independent, r(xi, xj) = 0, and a 
change in one does not imply an expected change in the other. (See C.2.8, C.3.6, and C.3.7 for further 
discussion.) 

In terms of correlation coefficients, which are more readily interpreted than covariances, the covariance term 
of Equation (13) may be written as 
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Equation (13) then becomes, with the aid of Equation (11b), 

( ) ( ) ( ) ( ) ( )
1

2 2 2
c

1 1 1
2 ,

N N N

i i i j i j i j
i i j i

u y c u x c c u x u x r x x
−

= = = +
= +∑ ∑ ∑  (16) 

NOTE 1 For the very special case where all of the input estimates are correlated with correlation coefficients 
r (xi, xj) = +1, Equation (16) reduces to 
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The combined standard uncertainty uc(y) is thus simply a linear sum of terms representing the variation of the output 
estimate y generated by the standard uncertainty of each input estimate xi (see 5.1.3). [This linear sum should not be 
confused with the general law of error propagation although it has a similar form; standard uncertainties are not errors 
(see E.3.2).] 
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EXAMPLE Ten resistors, each of nominal resistance Ri = 1 000 Ω, are calibrated with a negligible uncertainty of 
comparison in terms of the same 1 000 Ω standard resistor Rs characterized by a standard uncertainty u(Rs) = 100 mΩ as 
given in its calibration certificate. The resistors are connected in series with wires having negligible resistance in order to 
obtain a reference resistance Rref of nominal value 10 kΩ. Thus 10

ref 1( )i i iR f R R== =∑ . Since r (xi, xj) = r (Ri, Rj) = +1 for 
each resistor pair (see F.1.2.3, Example 2), the equation of this note applies. Since for each resistor ∂f/∂xi = ∂Rref/∂Ri = 1, 
and u(xi) = u(Ri) = u(Rs) (see F.1.2.3, Example 2), that equation yields for the combined standard uncertainty of Rref, 

10
c ref 1( ) ( ) 10 (100 m ) 1i su R u R== = × Ω = Ω∑ . The result 

1/210 2
c ref 1( ) ( ) 0,32i su R u R=

⎡ ⎤= = Ω⎣ ⎦∑  obtained from Equation (10) 
is incorrect because it does not take into account that all of the calibrated values of the ten resistors are correlated. 

NOTE 2 The estimated variances u2(xi) and estimated covariances u(xi, xj) may be considered as the elements of a 
covariance matrix with elements uij. The diagonal elements uii of the matrix are the variances u2(xi), while the off-diagonal 
elements uij (i ≠ j) are the covariances u(xi, xj) = u(xj, xi). If two input estimates are uncorrelated, their associated 
covariance and the corresponding elements uij and uji of the covariance matrix are 0. If the input estimates are all 
uncorrelated, all of the off-diagonal elements are zero and the covariance matrix is diagonal. (See also C.3.5.) 

NOTE 3 For the purposes of numerical evaluation, Equation (16) may be written as 
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where Zi is given in 5.1.3, Note 2. 

NOTE 4 If the Xi of the special form considered in 5.1.6 are correlated, then the terms 
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must be added to the right-hand side of Equation (12). 

5.2.3 Consider two arithmetic means q  and r  that estimate the expectations µq and µr of two randomly 
varying quantities q and r, and let q  and r  be calculated from n independent pairs of simultaneous 
observations of q and r made under the same conditions of measurement (see B.2.15). Then the covariance 
(see C.3.4) of q  and r  is estimated by 

( ) ( ) ( )( )
1

1,
1

n

k k
k

s q r q q r r
n n =

= − −
− ∑  (17) 

where qk and rk are the individual observations of the quantities q and r and q  and r  are calculated from the 
observations according to Equation (3). If in fact the observations are uncorrelated, the calculated covariance 
is expected to be near 0. 

Thus the estimated covariance of two correlated input quantities Xi and Xj that are estimated by the means  
iX  and jX determined from independent pairs of repeated simultaneous observations is given by 

u(xi, xj) = ( , ),i js X X  with ( , )i js X X  calculated according to Equation (17). This application of Equation (17) is 
a Type A evaluation of covariance. The estimated correlation coefficient of iX  and jX is obtained from 
Equation (14): r(xi, xj) = ( , )i jr X X = ( , ) ( ) ( )i j i js X X s X s X⎡ ⎤⎣ ⎦ . 

NOTE Examples where it is necessary to use covariances as calculated from Equation (17) are given in H.2 and H.4. 

5.2.4 There may be significant correlation between two input quantities if the same measuring instrument, 
physical measurement standard, or reference datum having a significant standard uncertainty is used in their 
determination. For example, if a certain thermometer is used to determine a temperature correction required in 
the estimation of the value of input quantity Xi, and the same thermometer is used to determine a similar 
temperature correction required in the estimation of input quantity Xj, the two input quantities could be 
significantly correlated. However, if Xi and Xj in this example are redefined to be the uncorrected quantities 
and the quantities that define the calibration curve for the thermometer are included as additional input 
quantities with independent standard uncertainties, the correlation between Xi and Xj is removed. (See F.1.2.3 
and F.1.2.4 for further discussion.) 
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5.2.5 Correlations between input quantities cannot be ignored if present and significant. The associated 
covariances should be evaluated experimentally if feasible by varying the correlated input quantities (see 
C.3.6, Note 3), or by using the pool of available information on the correlated variability of the quantities in 
question (Type B evaluation of covariance). Insight based on experience and general knowledge (see 4.3.1 
and 4.3.2) is especially required when estimating the degree of correlation between input quantities arising 
from the effects of common influences, such as ambient temperature, barometric pressure, and humidity. 
Fortunately, in many cases, the effects of such influences have negligible interdependence and the affected 
input quantities can be assumed to be uncorrelated. However, if they cannot be assumed to be uncorrelated, 
the correlations themselves can be avoided if the common influences are introduced as additional 
independent input quantities as indicated in 5.2.4. 

6 Determining expanded uncertainty 

6.1 Introduction 

6.1.1 Recommendation INC-1 (1980) of the Working Group on the Statement of Uncertainties on which this 
Guide is based (see the Introduction), and Recommendations 1 (CI-1981) and 1 (CI-1986) of the CIPM 
approving and reaffirming INC-1 (1980) (see A.2 and A.3), advocate the use of the combined standard 
uncertainty uc(y) as the parameter for expressing quantitatively the uncertainty of the result of a measurement. 
Indeed, in the second of its recommendations, the CIPM has requested that what is now termed combined 
standard uncertainty uc(y) be used “by all participants in giving the results of all international comparisons or 
other work done under the auspices of the CIPM and Comités Consultatifs”. 

6.1.2 Although uc(y) can be universally used to express the uncertainty of a measurement result, in some 
commercial, industrial, and regulatory applications, and when health and safety are concerned, it is often 
necessary to give a measure of uncertainty that defines an interval about the measurement result that may be 
expected to encompass a large fraction of the distribution of values that could reasonably be attributed to the 
measurand. The existence of this requirement was recognized by the Working Group and led to paragraph 5 
of Recommendation INC-1 (1980). It is also reflected in Recommendation 1 (CI-1986) of the CIPM. 

6.2 Expanded uncertainty 

6.2.1 The additional measure of uncertainty that meets the requirement of providing an interval of the kind 
indicated in 6.1.2 is termed expanded uncertainty and is denoted by U. The expanded uncertainty U is 
obtained by multiplying the combined standard uncertainty uc(y) by a coverage factor k : 

( )cU ku y=  (18) 

The result of a measurement is then conveniently expressed as Y = y ± U, which is interpreted to mean that 
the best estimate of the value attributable to the measurand Y is y, and that y − U to y + U is an interval that 
may be expected to encompass a large fraction of the distribution of values that could reasonably be 
attributed to Y. Such an interval is also expressed as y − U u Y u y + U. 

6.2.2 The terms confidence interval (C.2.27, C.2.28) and confidence level (C.2.29) have specific 
definitions in statistics and are only applicable to the interval defined by U when certain conditions are met, 
including that all components of uncertainty that contribute to uc(y) be obtained from Type A evaluations. Thus, 
in this Guide, the word “confidence” is not used to modify the word “interval” when referring to the interval 
defined by U; and the term “confidence level” is not used in connection with that interval but rather the term 
“level of confidence”. More specifically, U is interpreted as defining an interval about the measurement result 
that encompasses a large fraction p of the probability distribution characterized by that result and its combined 
standard uncertainty, and p is the coverage probability or level of confidence of the interval. 

6.2.3 Whenever practicable, the level of confidence p associated with the interval defined by U should be 
estimated and stated. It should be recognized that multiplying uc(y) by a constant provides no new information 
but presents the previously available information in a different form. However, it should also be recognized 
that in most cases the level of confidence p (especially for values of p near 1) is rather uncertain, not only 
because of limited knowledge of the probability distribution characterized by y and uc(y) (particularly in the 
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7.2.7 In the detailed report that describes how the result of a measurement and its uncertainty were 
obtained, one should follow the recommendations of 7.1.4 and thus 

a) give the value of each input estimate xi and its standard uncertainty u(xi) together with a description of 
how they were obtained; 

b) give the estimated covariances or estimated correlation coefficients (preferably both) associated with all 
input estimates that are correlated, and the methods used to obtain them; 

c) give the degrees of freedom for the standard uncertainty of each input estimate and how it was obtained; 

d) give the functional relationship Y = f (X1, X2, ..., XN) and, when they are deemed useful, the partial 
derivatives or sensitivity coefficients ∂f /∂xi. However, any such coefficients determined experimentally 
should be given. 

NOTE Since the functional relationship f may be extremely complex or may not exist explicitly but only as a computer 
program, it may not always be possible to give f and its derivatives. The function f may then be described in general terms 
or the program used may be cited by an appropriate reference. In such cases, it is important that it be clear how the 
estimate y of the measurand Y and its combined standard uncertainty uc(y) were obtained. 

8 Summary of procedure for evaluating and expressing uncertainty 

The steps to be followed for evaluating and expressing the uncertainty of the result of a measurement as 
presented in this Guide may be summarized as follows: 

1) Express mathematically the relationship between the measurand Y and the input quantities Xi on which 
Y depends: Y = f (X1, X2, ..., XN). The function f should contain every quantity, including all corrections and 
correction factors, that can contribute a significant component of uncertainty to the result of the 
measurement (see 4.1.1 and 4.1.2). 

2) Determine xi, the estimated value of input quantity Xi, either on the basis of the statistical analysis of 
series of observations or by other means (see 4.1.3). 

3) Evaluate the standard uncertainty u(xi) of each input estimate xi. For an input estimate obtained from the 
statistical analysis of series of observations, the standard uncertainty is evaluated as described in 4.2 
(Type A evaluation of standard uncertainty). For an input estimate obtained by other means, the standard 
uncertainty u(xi) is evaluated as described in 4.3 (Type B evaluation of standard uncertainty). 

4) Evaluate the covariances associated with any input estimates that are correlated (see 5.2). 

5) Calculate the result of the measurement, that is, the estimate y of the measurand Y, from the functional 
relationship f  using for the input quantities Xi the estimates xi obtained in step 2 (see 4.1.4). 

6) Determine the combined standard uncertainty uc(y) of the measurement result y from the standard 
uncertainties and covariances associated with the input estimates, as described in Clause 5. If the 
measurement determines simultaneously more than one output quantity, calculate their covariances (see 
7.2.5, H.2, H.3, and H.4). 

7) If it is necessary to give an expanded uncertainty U, whose purpose is to provide an interval y − U to 
y + U that may be expected to encompass a large fraction of the distribution of values that could 
reasonably be attributed to the measurand Y, multiply the combined standard uncertainty uc(y) by a 
coverage factor k, typically in the range 2 to 3, to obtain U = kuc(y). Select k on the basis of the level of 
confidence required of the interval (see 6.2, 6.3, and especially Annex G, which discusses the selection of 
a value of k, that produces an interval having a level of confidence close to a specified value). 

8) Report the result of the measurement y together with its combined standard uncertainty uc(y) or expanded 
uncertainty U as discussed in 7.2.1 and 7.2.3; use one of the formats recommended in 7.2.2 and 7.2.4. 
Describe, as outlined also in Clause 7, how y and uc(y) or U were obtained. 
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Annex B 
 

General metrological terms 

B.1 Source of definitions 

The definitions of the general metrological terms relevant to this Guide that are given here have been taken 
from the International vocabulary of basic and general terms in metrology (abbreviated VIM), second edition, 
1993* [6], published by the International Organization for Standardization (ISO), in the name of the seven 
organizations that supported its development and nominated the experts who prepared it: the Bureau 
International des Poids et Mesures (BIPM), the International Electrotechnical Commission (IEC), the 
International Federation of Clinical Chemistry (IFCC), ISO, the International Union of Pure and Applied 
Chemistry (IUPAC), the International Union of Pure and Applied Physics (IUPAP), and the International 
Organization of Legal Metrology (OIML). The VIM should be the first source consulted for the definitions of 
terms not included either here or in the text. 

NOTE Some basic statistical terms and concepts are given in Annex C, while the terms “true value”, “error”, and 
“uncertainty” are further discussed in Annex D. 

B.2 Definitions 

As in Clause 2, in the definitions that follow, the use of parentheses around certain words of some terms 
means that the words may be omitted if this is unlikely to cause confusion. 

The terms in boldface in some notes are additional metrological terms defined in those notes, either explicitly 
or implicitly (see Reference [6]). 

B.2.1 
(measurable) quantity 
attribute of a phenomenon, body or substance that may be distinguished qualitatively and determined 
quantitatively 

NOTE 1 The term quantity may refer to a quantity in a general sense (see Example 1) or to a particular quantity (see 
Example 2). 

EXAMPLE 1 Quantities in a general sense: length, time, mass, temperature, electrical resistance, amount-of-substance 
concentration. 

EXAMPLE 2 Particular quantities: 

— length of a given rod 

— electrical resistance of a given specimen of wire 

— amount-of-substance concentration of ethanol in a given sample of wine. 

NOTE 2 Quantities that can be placed in order of magnitude relative to one another are called quantities of the same 
kind. 

____________________________  

* Footnote to the 2008 version: 
The third edition of the vocabulary was published in 2008, under the title JCGM 200:2008, International vocabulary of 
metrology — Basic and general concepts and associated terms (VIM). 
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NOTE 3 Quantities of the same kind may be grouped together into categories of quantities, for example: 
— work, heat, energy 
— thickness, circumference, wavelength. 

NOTE 4 Symbols for quantities are given in ISO 31*. 

[VIM:1993, definition 1.1] 

B.2.2 
value (of a quantity) 
magnitude of a particular quantity generally expressed as a unit of measurement multiplied by a number 

EXAMPLE 1 Length of a rod: 5,34 m or 534 cm. 

EXAMPLE 2 Mass of a body: 0,152 kg or 152 g. 

EXAMPLE 3 Amount of substance of a sample of water (H2O): 0,012 mol or 12 mmol. 

NOTE 1 The value of a quantity may be positive, negative or zero. 

NOTE 2 The value of a quantity may be expressed in more than one way. 

NOTE 3 The values of quantities of dimension one are generally expressed as pure numbers. 

NOTE 4 A quantity that cannot be expressed as a unit of measurement multiplied by a number may be expressed by 
reference to a conventional reference scale or to a measurement procedure or to both. 

[VIM:1993, definition 1.18] 

B.2.3 
true value (of a quantity) 
value consistent with the definition of a given particular quantity 

NOTE 1 This is a value that would be obtained by a perfect measurement. 

NOTE 2 True values are by nature indeterminate. 

NOTE 3 The indefinite article “a”, rather than the definite article “the”, is used in conjunction with “true value” because 
there may be many values consistent with the definition of a given particular quantity. 

[VIM:1993, definition 1.19] 

Guide Comment: See Annex D, in particular D.3.5, for the reasons why the term “true value” is not used in this 
Guide and why the terms “true value of a measurand” (or of a quantity) and “value of a measurand” (or of a 
quantity) are viewed as equivalent. 

B.2.4 
conventional true value (of a quantity) 
value attributed to a particular quantity and accepted, sometimes by convention, as having an uncertainty 
appropriate for a given purpose 

EXAMPLE 1 At a given location, the value assigned to the quantity realized by a reference standard may be taken as 
a conventional true value. 

EXAMPLE 2 The CODATA (1986) recommended value for the Avogadro constant: 6,022 136 7 × 1023 mol−1. 

_____________________________ 

* Footnote to the 2008 version: 
The ISO 31 series is under revision as a series of ISO 80000 and IEC 80000 documents. (Some of these documents have 
already been published.) 





JCGM 100:2008 

 

© JCGM 2008 – All rights reserved  39
 

Annex C 
 

Basic statistical terms and concepts 

C.1 Source of definitions 

The definitions of the basic statistical terms given in this annex are taken from International Standard 
ISO 3534-1:1993* [7]. This should be the first source consulted for the definitions of terms not included here. 
Some of these terms and their underlying concepts are elaborated upon in C.3 following the presentation of 
their formal definitions in C.2 in order to facilitate further the use of this Guide. However, C.3, which also 
includes the definitions of some related terms, is not based directly on ISO 3534-1:1993. 

C.2 Definitions 

As in Clause 2 and Annex B, the use of parentheses around certain words of some terms means that the 
words may be omitted if this is unlikely to cause confusion. 

Terms C.2.1 to C.2.14 are defined in terms of the properties of populations. The definitions of terms C.2.15 to 
C.2.31 are related to a set of observations (see Reference [7]). 

C.2.1 
probability 
a real number in the scale 0 to 1 attached to a random event 

NOTE It can be related to a long-run relative frequency of occurrence or to a degree of belief that an event will occur. 
For a high degree of belief, the probability is near 1. 

[ISO 3534-1:1993, definition 1.1] 

C.2.2 
random variable 
variate 
a variable that may take any of the values of a specified set of values and with which is associated a 
probability distribution [ISO 3534-1:1993, definition 1.3 (C.2.3)] 

NOTE 1 A random variable that may take only isolated values is said to be “discrete”. A random variable which may 
take any value within a finite or infinite interval is said to be “continuous”. 

NOTE 2 The probability of an event A is denoted by Pr(A) or P(A). 

[ISO 3534-1:1993, definition 1.2] 

Guide Comment: The symbol Pr(A) is used in this Guide in place of the symbol Pr (A) used in 
ISO 3534-1:1993. 

____________________________  

* Footnote to the 2008 version: 
ISO 3534-1:1993 has been cancelled and replaced by ISO 3534-1:2006. Note that some of the terms and definitions have 
been revised. For further information, see the latest edition. 
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C.2.3 
probability distribution (of a random variable) 
a function giving the probability that a random variable takes any given value or belongs to a given set of 
values 

NOTE The probability on the whole set of values of the random variable equals 1. 

[ISO 3534-1:1993, definition 1.3] 

C.2.4 
distribution function 
a function giving, for every value x, the probability that the random variable X be less than or equal to x: 

( ) ( )PrF x X x= u  

[ISO 3534-1:1993, definition 1.4] 

C.2.5 
probability density function (for a continuous random variable) 
the derivative (when it exists) of the distribution function: 

( ) ( )d df x F x x=  

NOTE f (x) dx is the “probability element”: 

( ) ( )d Pr df x x x X x x= < < +  

[ISO 3534-1:1993, definition 1.5] 

C.2.6 
probability mass function 
a function giving, for each value xi of a discrete random variable X, the probability pi that the random variable 
equals xi: 

( )Pri ip X x= =  

[ISO 3534-1:1993, definition 1.6] 

C.2.7 
parameter 
a quantity used in describing the probability distribution of a random variable 

[ISO 3534-1:1993, definition 1.12] 

C.2.8 
correlation 
the relationship between two or several random variables within a distribution of two or more random variables 

NOTE Most statistical measures of correlation measure only the degree of linear relationship. 

[ISO 3534-1:1993, definition 1.13] 



JCGM 100:2008 

 

© JCGM 2008 – All rights reserved  41
 

C.2.9 
expectation (of a random variable or of a probability distribution) 
expected value 
mean 

1) For a discrete random variable X taking the values xi with the probabilities pi, the expectation, if it exists, is 

( ) i iE X p xµ = =∑  

the sum being extended over all the values xi which can be taken by X. 

2) For a continuous random variable X having the probability density function f (x), the expectation, if it exists, is 

( ) ( ) dE X xf x xµ = = ∫  

the integral being extended over the interval(s) of variation of X. 

[ISO 3534-1:1993, definition 1.18] 

C.2.10 
centred random variable 
a random variable the expectation of which equals zero 

NOTE If the random variable X has an expectation equal to µ, the corresponding centred random variable is (X − µ). 

[ISO 3534-1:1993, definition 1.21] 

C.2.11 
variance (of a random variable or of a probability distribution) 
the expectation of the square of the centred random variable [ISO 3534-1:1993, definition 1.21 (C.2.10)]: 

( ) ( ){ }22 V X E X E Xσ ⎡ ⎤= = −⎣ ⎦  

[ISO 3534-1:1993, definition 1.22] 

C.2.12 
standard deviation (of a random variable or of a probability distribution) 
the positive square root of the variance: 

( )V Xσ =  

[ISO 3534-1:1993, definition 1.23] 

C.2.13 
central moment 2) of order q 
in a univariate distribution, the expectation of the qth power of the centred random variable (X − µ): 

( )qE X µ⎡ ⎤−⎢ ⎥⎣ ⎦
 

NOTE The central moment of order 2 is the variance [ISO 3534-1:1993, definition 1.22 (C.2.11)] of the random 
variable X. 

[ISO 3534-1:1993, definition 1.28] 

                                                      

2) If, in the definition of the moments, the quantities X, X − a, Y, Y − b, etc. are replaced by their absolute values, i.e. │X│, 
│X − a│, │Y│, │Y − b│, etc., other moments called “absolute moments” are defined. 
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C.2.14 
normal distribution 
Laplace-Gauss distribution 
the probability distribution of a continuous random variable X, the probability density function of which is 

( )
21 1exp

22
xf x µ

σσ

⎡ ⎤−⎛ ⎞⎢ ⎥= − ⎜ ⎟⎢ ⎥π ⎝ ⎠⎣ ⎦
 

for −∞ < x < +∞. 

NOTE µ  is the expectation and σ is the standard deviation of the normal distribution. 

[ISO 3534-1:1993, definition 1.37] 

C.2.15 
characteristic 
a property which helps to identify or differentiate between items of a given population 

NOTE The characteristic may be either quantitative (by variables) or qualitative (by attributes). 

[ISO 3534-1:1993, definition 2.2] 

C.2.16 
population 
the totality of items under consideration 

NOTE In the case of a random variable, the probability distribution [ISO 3534-1:1993, definition 1.3 (C.2.3)] is 
considered to define the population of that variable. 

[ISO 3534-1:1993, definition 2.3] 

C.2.17 
frequency 
the number of occurrences of a given type of event or the number of observations falling into a specified class 

[ISO 3534-1:1993, definition 2.11] 

C.2.18 
frequency distribution 
the empirical relationship between the values of a characteristic and their frequencies or their relative 
frequencies 

NOTE The distribution may be graphically presented as a histogram (ISO 3534-1:1993, definition 2.17), bar chart 
(ISO 3534-1:1993, definition 2.18), cumulative frequency polygon (ISO 3534-1:1993, definition 2.19), or as a two-way 
table (ISO 3534-1:1993, definition 2.22). 

[ISO 3534-1:1993, definition 2.15] 

C.2.19 
arithmetic mean 
average 
the sum of values divided by the number of values 

NOTE 1 The term “mean” is used generally when referring to a population parameter and the term “average” when 
referring to the result of a calculation on the data obtained in a sample. 

NOTE 2 The average of a simple random sample taken from a population is an unbiased estimator of the mean of this 
population. However, other estimators, such as the geometric or harmonic mean, or the median or mode, are sometimes 
used. 

[ISO 3534-1:1993, definition 2.26] 
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NOTE 2 If the expectation µz of z is known, the variance may be estimated by 

( ) ( )22

1

1 n

i i z
i

s z z
n

µ
=

= −∑  

The variance of the arithmetic mean or average of the observations, rather than the variance of the individual 
observations, is the proper measure of the uncertainty of a measurement result. The variance of a variable z 
should be carefully distinguished from the variance of the mean z . The variance of the arithmetic mean of a 
series of n independent observations zi of z is given by 2 2( ) ( )iz z nσ σ=  and is estimated by the experimental 
variance of the mean 

( ) ( )
( ) ( )

2
22

1

1
1

n
i

i
i

s z
s z z z

n n n =
= = −

− ∑  

C.3.3 Standard deviation 

The standard deviation is the positive square root of the variance. Whereas a Type A standard uncertainty is 
obtained by taking the square root of the statistically evaluated variance, it is often more convenient when 
determining a Type B standard uncertainty to evaluate a nonstatistical equivalent standard deviation first and 
then to obtain the equivalent variance by squaring the standard deviation. 

C.3.4 Covariance 

The covariance of two random variables is a measure of their mutual dependence. The covariance of random 
variables y and z is defined by 

( ) ( ) ( ) ( ){ }cov , cov ,y z z y E y E y z E z⎡ ⎤ ⎡ ⎤= = − −⎣ ⎦ ⎣ ⎦  

which leads to 

( ) ( )
( )( ) ( )

( )

cov , cov ,

, d d

, d d

y z

y z

y z z y

y z p y z y z

y z p y z y z

µ µ

µ µ

=

= − −

= −

∫∫
∫∫

 

where p(y, z) is the joint probability density function of the two variables y and z. The covariance cov(y, z) [also 
denoted by υ(y, z)] may be estimated by s(yi, zi) obtained from n independent pairs of simultaneous 
observations yi and zi of y and z, 

( ) ( )( )
1

1,
1

n

i i j j
j

s y z y y z z
n =

= − −
− ∑  

where 

1

1 n

i
i

y y
n =

= ∑  

and 

1

1 n

i
i

z z
n =

= ∑  

NOTE The estimated covariance of the two means y  and z  is given by ( , ) ( , )i is y z s y z n= . 
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C.3.5 Covariance matrix 

For a multivariate probability distribution, the matrix V  with elements equal to the variances and covariances 
of the variables is termed the covariance matrix. The diagonal elements, υ(z, z) ≡ σ 2(z) or s(zi, zi) ≡ s2(zi), are 
the variances, while the off-diagonal elements, υ(y, z) or s(yi, zi), are the covariances. 

C.3.6 Correlation coefficient 

The correlation coefficient is a measure of the relative mutual dependence of two variables, equal to the ratio 
of their covariances to the positive square root of the product of their variances. Thus 

( ) ( ) ( )
( ) ( )

( )
( ) ( )

, ,
, ,

, ,

y z y z
y z z y

y zy y z z

υ υ
ρ ρ

σ συ υ
= = =  

with estimates 

( ) ( ) ( )
( ) ( )

( )
( ) ( )

, ,
, ,

, ,
i i i i

i i i i
i ii i i i

s y z s y z
r y z r z y

s y s zs y y s z z
= = =  

The correlation coefficient is a pure number such that −1 u ρ u +1 or −1 u r(yi, zi) u +1. 

NOTE 1 Because ρ and r are pure numbers in the range −1 to +1 inclusive, while covariances are usually quantities 
with inconvenient physical dimensions and magnitudes, correlation coefficients are generally more useful than 
covariances. 

NOTE 2 For multivariate probability distributions, the correlation coefficient matrix is usually given in place of the 
covariance matrix. Since ρ(y, y) = 1 and r(yi, yi) = 1, the diagonal elements of this matrix are unity. 

NOTE 3 If the input estimates xi and xj are correlated (see 5.2.2) and if a change δi in xi produces a change δj in xj, 
then the correlation coefficient associated with xi and xj is estimated approximately by 

( ) ( ) ( ),i j i j j ir x x u x u xδ δ⎡ ⎤≈ ⎣ ⎦  

This relation can serve as a basis for estimating correlation coefficients experimentally. It can also be used to calculate the 
approximate change in one input estimate due to a change in another if their correlation coefficient is known. 

C.3.7 Independence 

Two random variables are statistically independent if their joint probability distribution is the product of their 
individual probability distributions. 

NOTE If two random variables are independent, their covariance and correlation coefficient are zero, but the 
converse is not necessarily true. 

C.3.8 The t-distribution; Student's distribution 

The t-distribution or Student's distribution is the probability distribution of a continuous random variable t 
whose probability density function is 

( )
( )1 22

1
1 2, 1 ,

2

vv
tp t v tv vv

− ++⎛ ⎞Γ⎜ ⎟ ⎛ ⎞⎝ ⎠= +⎜ ⎟ − < < +⎜ ⎟⎛ ⎞π ⎝ ⎠Γ ⎜ ⎟
⎝ ⎠

∞ ∞  

where Γ is the gamma function and v > 0. The expectation of the t-distribution is zero and its variance is 
v/(v − 2) for v > 2. As v → ∞, the t-distribution approaches a normal distribution with µ = 0 and σ  = 1 (see 
C.2.14). 
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D.3.4 The corrected result may be called the best estimate of the “true” value, “true” in the sense that it is 
the value of a quantity that is believed to satisfy fully the definition of the measurand; but had the micrometer 
been applied to a different part of the sheet of material, the realized quantity would have been different with a 
different “true” value. However, that “true” value would be consistent with the definition of the measurand 
because the latter did not specify that the thickness was to be determined at a particular place on the sheet. 
Thus in this case, because of an incomplete definition of the measurand, the “true” value has an uncertainty 
that can be evaluated from measurements made at different places on the sheet. At some level, every 
measurand has such an “intrinsic” uncertainty that can in principle be estimated in some way. This is the 
minimum uncertainty with which a measurand can be determined, and every measurement that achieves such 
an uncertainty may be viewed as the best possible measurement of the measurand. To obtain a value of the 
quantity in question having a smaller uncertainty requires that the measurand be more completely defined. 

NOTE 1 In the example, the measurand's specification leaves many other matters in doubt that might conceivably 
affect the thickness: the barometric pressure, the humidity, the attitude of the sheet in the gravitational field, the way it is 
supported, etc. 

NOTE 2 Although a measurand should be defined in sufficient detail that any uncertainty arising from its incomplete 
definition is negligible in comparison with the required accuracy of the measurement, it must be recognized that this may 
not always be practicable. The definition may, for example, be incomplete because it does not specify parameters that 
may have been assumed, unjustifiably, to have negligible effect; or it may imply conditions that can never be fully met and 
whose imperfect realization is difficult to take into account. For instance, in the example of D.1.2, the velocity of sound 
implies infinite plane waves of vanishingly small amplitude. To the extent that the measurement does not meet these 
conditions, diffraction and nonlinear effects need to be considered. 

NOTE 3 Inadequate specification of the measurand can lead to discrepancies between the results of measurements of 
ostensibly the same quantity carried out in different laboratories. 

D.3.5 The term “true value of a measurand” or of a quantity (often truncated to “true value”) is avoided in 
this Guide because the word “true” is viewed as redundant. “Measurand” (see B.2.9) means “particular 
quantity subject to measurement”, hence “value of a measurand” means “value of a particular quantity subject 
to measurement”. Since “particular quantity” is generally understood to mean a definite or specified quantity 
(see B.2.1, Note 1), the adjective “true” in “true value of a measurand” (or in “true value of a quantity”) is 
unnecessary — the “true” value of the measurand (or quantity) is simply the value of the measurand (or 
quantity). In addition, as indicated in the discussion above, a unique “true” value is only an idealized concept. 

D.4 Error 

A corrected measurement result is not the value of the measurand — that is, it is in error — because of 
imperfect measurement of the realized quantity due to random variations of the observations (random effects), 
inadequate determination of the corrections for systematic effects, and incomplete knowledge of certain 
physical phenomena (also systematic effects). Neither the value of the realized quantity nor the value of the 
measurand can ever be known exactly; all that can be known is their estimated values. In the example above, 
the measured thickness of the sheet may be in error, that is, may differ from the value of the measurand (the 
thickness of the sheet), because each of the following may combine to contribute an unknown error to the 
measurement result: 

a) slight differences between the indications of the micrometer when it is repeatedly applied to the same 
realized quantity; 

b) imperfect calibration of the micrometer; 

c) imperfect measurement of the temperature and of the applied pressure; 

d) incomplete knowledge of the effects of temperature, barometric pressure, and humidity on the specimen 
or the micrometer or both. 
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Figure D.1 — Graphical illustration of value, error, and uncertainty 
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H.1.6 Expanded uncertainty 

Suppose that one is required to obtain an expanded uncertainty U99 = k99uc(l) that provides an interval having 
a level of confidence of approximately 99 percent. The procedure to use is that summarized in G.6.4, and the 
required degrees of freedom are indicated in Table H.1. These were obtained as follows: 

1) Uncertainty of the calibration of the standard, u(lS) [H.1.3.1]. The calibration certificate states that the 
effective degrees of freedom of the combined standard uncertainty from which the quoted expanded 
uncertainty was obtained is veff(lS) = 18. 

2) Uncertainty of the measured difference in lengths, u(d ) [H.1.3.2]. Although d  was obtained from five 
repeated observations, because ( )u d  was obtained from a pooled experimental standard deviation based 
on 25 observations, the degrees of freedom of ( )u d  is ( ) 25 1 24v d = − =  (see H.3.6, note). The degrees 
of freedom of u(d1), the uncertainty due to random effects on the comparator, is v(d1) = 6 − 1 = 5 because 
d1 was obtained from six repeated measurements. The ±0,02 µm uncertainty for systematic effects on the 
comparator may be assumed to be reliable to 25 percent, and thus the degrees of freedom from 
Equation (G.3) in G.4.2 is v(d2) = 8 (see the example of G.4.2). The effective degrees of freedom of u(d), 
veff(d), is then obtained from Equation (G.2b) in G.4.1: 

( )
( ) ( ) ( )
( )

( )
( )

( )
( )

( )

( )
( ) ( ) ( )

22 2 2 4
1 2

eff 4 4 4 44 4
1 2

1 2

9,7 nm
25,6

5,8 nm 3,9 nm 6,7 nm
24 5 8

u d u d u d
v d

u d u d u d
v d v dv d

⎡ ⎤+ +⎣ ⎦= = =

+ ++ +

 

3) Uncertainty of the difference in expansion coeficients, u(δα) [H.1.3.5]. The estimated bounds of 
±1 × 10−6 °C−1 on the variability of δα  are deemed to be reliable to 10 percent. This gives, from 
Equation (G.3) in G.4.2, v(δα) = 50. 

4) Uncertainty of the difference in temperatures of the gauges, u(δθ) [H.1.3.6]. The estimated interval 
−0,05 °C to +0,05 °C for the temperature difference δθ  is believed to be reliable only to 50 percent, which 
from Equation (G.3) in G.4.2 gives v(δθ) = 2. 

The calculation of veff(l) from Equation (G.2b) in G.4.1 proceeds in exactly the same way as for the calculation 
of veff(d) in 2) above. Thus from Equations (H.6b) and (H.6c) and the values for v given in 1) through 4), 

( ) ( )
( ) ( ) ( ) ( )

4

eff 4 4 4 4
32 nm

16,7
25 nm 9,7 nm 2,9 nm 16,6 nm

18 25,6 50 2

v l = =

+ + +

 

To obtain the required expanded uncertainty, this value is first truncated to the next lower integer, veff(l) = 16. 
It then follows from Table G.2 in Annex G that t99(16) = 2,92, and hence U99 = t99(16)uc(l) = 
2,92 × (32 nm) = 93 nm. Following 7.2.4, the final result of the measurement may be stated as: 

l = (50,000 838 ± 0,000 093) mm, where the number following the symbol ± is the numerical value of an 
expanded uncertainty U = kuc, with U determined from a combined standard uncertainty uc = 32 nm and a 
coverage factor k = 2,92 based on the t-distribution for v = 16 degrees of freedom, and defines an interval 
estimated to have a level of confidence of 99 percent. The corresponding relative expanded uncertainty is 
U/l = 1,9 × 10−6. 
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where yl = fl(x1, x2, ..., xN) and ym = fm(x1, x2, ..., xN). Equation (H.9) is a generalization of Equation (F.2) in 
F.1.2.3 when the ql in that expression are correlated. The estimated correlation coefficients of the output 
quantities are given by r(yl, ym) = u(yl, ym)/u(yl)u(ym), as indicated in Equation (14) in 5.2.2. It should be 
recognized that the diagonal elements of the covariance matrix, u(yl, yl) ≡ u2(yl), are the estimated variances 
of the output quantities yl (see 5.2.2, Note 2) and that for m = l, Equation (H.9) is identical to Equation (16) in 
5.2.2. 

To apply Equation (H.9) to this example, the following identifications are made: 

( ) ( )1 1

2 2

3 3

3
i iy R x V u x s x

y X x I N
y Z x φ

= = =
= = =
= =

 

The results of the calculations of R, X, and Z and of their estimated variances and correlation coefficients are 
given in Table H.3. 

Table H.3 — Calculated values of the output quantities R, X, and Z: approach 1 

Measurand  
index 

l 

Relationship between 
estimate of measurand yl 

and input estimates xi 

Value of estimate yl, which 
is the result 

of measurement 

Combined standard 
uncertainty uc(yl) of result 

of measurement 

1 1 ( / ) cosy R V I φ= =  y1 = R = 127,732 Ω uc(R) = 0,071 Ω 
uc(R)/R = 0,06 × 10−2 

2 2 ( / ) siny X V I φ= =  y2 = X = 219,847 Ω uc(X) = 0,295 Ω 
uc(X)/X = 0,13 × 10−2 

3 3 /y Z V I= =  y3 = Z = 254,260 Ω uc(Z) = 0,236 Ω 
uc(Z)/Z = 0,09 × 10−2 

Correlation coefficients r(yl, ym) 
r(y1, y2) = r(R, X) = −0,588 
r(y1, y3) = r(R, Z) = −0,485 
r(y2, y3) = r(X, Z) =   0,993 

H.2.4 Results: approach 2 

Approach 2 is summarized in Table H.4. 

Since the data have been obtained as five sets of observations of the three input quantities V, I, and φ, it is 
possible to compute a value for R, X, and Z from each set of input data, and then take the arithmetic mean of 
the five individual values to obtain the best estimates of R, X, and Z. The experimental standard deviation of 
each mean (which is its combined standard uncertainty) is then calculated from the five individual values in 
the usual way [Equation (5) in 4.2.3]; and the estimated covariances of the three means are calculated by 
applying Equation (17) in 5.2.3 directly to the five individual values from which each mean is obtained. There 
are no differences in the output values, standard uncertainties, and estimated covariances provided by the two 
approaches except for second-order effects associated with replacing terms such as /V I  and cosφ  by /V I  
and cosφ . 

To demonstrate this approach, Table H.4 gives the values of R, X and Z calculated from each of the five sets 
of observations. The arithmetic means, standard uncertainties, and estimated correlation coefficients are then 
directly computed from these individual values. The numerical results obtained in this way are negligibly 
different from the results given in Table H.3. 
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Table H.4 — Calculated values of the output quantities R, X, and Z: approach 2 

Set number Individual values of measurands 

k R = (V/I) cosφ 
(Ω) 

X = (V/I) sinφ 
(Ω) 

Z = V/I 
(Ω) 

1 127,67 220,32 254,64 

2 127,89 219,79 254,29 

3 127,51 220,64 254,84 

4 127,71 218,97 253,49 

5 127,88 219,51 254,04 

Arithmetic mean 1 127,732y R= =  2 219,847y X= =  3 254,260y Z= =  

Experimental standard 
deviation of mean ( ) 0,071s R =  ( ) 0,295s X =  ( ) 0,236s Z =  

Correlation coefficients r(yl, ym) 

1 2( , ) ( , ) 0,588r y y r R X= = −  

1 3( , ) ( , ) 0,485r y y r R Z= = −  

2 3( , ) ( , ) 0,993r y y r X Z= =  

In the terminology of the Note to 4.1.4, approach 2 is an example of obtaining the estimate y from 
( )1

n
k kY Y n== ∑ , while approach 1 is an example of obtaining y from 1 2( , , ..., )Ny f X X X= . As pointed out 

in that note, in general, the two approaches will give identical results if f is a linear function of its input 
quantities (provided that the experimentally observed correlation coefficients are taken into account when 
implementing approach 1). If f is not a linear function, then the results of approach 1 will differ from those of 
approach 2 depending on the degree of nonlinearity and the estimated variances and covariances of the Xi. 
This may be seen from the expression 

( ) ( )
2

1 2
1 1

1, , ..., , ...
2

N N

N i j
i ji j

fy f X X X u X X
X X= =

∂= + +
∂ ∂∑∑  (H.10) 

where the second term on the right-hand side is the second-order term in the Taylor series expansion of f  
in terms of the iX  (see also 5.1.2, note). In the present case, approach 2 is preferred because it avoids the 
approximation 1 2( , , ..., )Ny f X X X=  and better reflects the measurement procedure used — the data were in 
fact collected in sets. 

On the other hand, approach 2 would be inappropriate if the data of Table H.2 represented n1 = 5 
observations of the potential difference V, followed by n2 = 5 observations of the current I, and then followed 
by n3 = 5 observations of the phase φ, and would be impossible if n1 ≠ n2 ≠ n3. (It is in fact poor measurement 
procedure to carry out the measurements in this way since the potential difference across a fixed impedance 
and the current through it are directly related.) 

If the data of Table H.2 are reinterpreted in this manner so that approach 2 is inappropriate, and if correlations 
among the quantities V, I, and φ  are assumed to be absent, then the observed correlation coefficients have no 
significance and should be set equal to zero. If this is done in Table H.2, Equation (H.9) reduces to the 
equivalent of Equation (F.2) in F.1.2.3, namely, 

( ) ( )2

1
,

N
l m

l m i
i ii

y y
u y y u x

x x=

∂ ∂
=

∂ ∂∑  (H.11) 

and its application to the data of Table H.2 leads to the changes in Table H.3 shown in Table H.5. 
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Table H.6 — Data used to obtain a linear calibration curve for a thermometer by the method  
of least squares 

Reading 
number 

Thermometer 
reading 

Observed 
correction 

Predicted 
correction 

Difference between observed 
and predicted correction 

k tk bk = tR, k − tk b(tk) bk − b(tk) 

 (°C) (°C) (°C) (°C) 

1 21,521 −0,171 −0,167 9 −0,003 1 

2 22,012 −0,169 −0,166 8 −0,002 2 

3 22,512 −0,166 −0,165 7 −0,000 3 

4 23,003 −0,159 −0,164 6 +0,005 6 

5 23,507 −0,164 −0,163 5 −0,000 5 

6 23,999 −0,165 −0,162 5 −0,002 5 

7 24,513 −0,156 −0,161 4 +0,005 4 

8 25,002 −0,157 −0,160 3 +0,003 3 

9 25,503 −0,159 −0,159 2 +0,000 2 

10 26,010 −0,161 −0,158 1 −0,002 9 

11 26,511 −0,160 −0,157 0 −0,003 0 

The calibration curve may then be written as 

( ) ( ) ( )( )0,171 2 29 C 0,002 18 67 20 Cb t t= − ° + − °  (H.14) 

where the numbers in parentheses are the numerical values of the standard uncertainties referred to the 
corresponding last digits of the quoted results for the intercept and slope (see 7.2.2). This equation gives the 
predicted value of the correction b(t) at any temperature t, and in particular the value b(tk) at t = tk. These 
values are given in the fourth column of the table while the last column gives the differences between the 
measured and predicted values, bk − b(tk). An analysis of these differences can be used to check the validity 
of the linear model; formal tests exist (see Reference [8]), but are not considered in this example. 

H.3.4 Uncertainty of a predicted value 

The expression for the combined standard uncertainty of the predicted value of a correction can be readily 
obtained by applying the law of propagation of uncertainty, Equation (16) in 5.2.2, to Equation (H.12). Noting 
that b(t) = f (y1, y2) and writing u(y1) = s(y1) and u(y2) = s(y2), one obtains 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )22 2 2
c 1 0 2 0 1 2 1 22 ,u b t u y t t u y t t u y u y r y y⎡ ⎤ = + − + −⎣ ⎦  (H.15) 

The estimated variance ( )2
cu b t⎡ ⎤⎣ ⎦  is a minimum at tmin = t0 − u(y1)r(y1, y2)/u(y2), which in the present case is 

tmin = 24,008 5 °C. 

As an example of the use of Equation (H.15), consider that one requires the thermometer correction and its 
uncertainty at t = 30 °C, which is outside the temperature range in which the thermometer was actually 
calibrated. Substituting t = 30 °C in Equation (H.14) gives 

( )30 C 0,149 4 Cb ° = − °  
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while Equation (H.15) becomes 

( ) ( ) ( ) ( ) ( ) ( )( )( )2 2 22
c

6 2

30 C 0,002 9 C 10 C 0,000 67 2 10 C 0,002 9 C 0,000 67 0,930

17,1 10 C

u b
−

⎡ ⎤° = ° + ° + ° ° −⎣ ⎦

= × °
 

or 

( )c 30 C 0,004 1 Cu b⎡ ⎤° = °⎣ ⎦  

Thus the correction at 30 °C is −0,149 4 °C, with a combined standard uncertainty of uc = 0,004 1 °C, and with 
uc having v = n − 2 = 9 degrees of freedom. 

H.3.5 Elimination of the correlation between the slope and intercept 

Equation (H.13e) for the correlation coefficient r(y1, y2) implies that if t0 is so chosen that 
1 1 0( ) 0,n n

k k k kt tθ= == − =∑ ∑  then r(y1, y2) = 0 and y1 and y2 will be uncorrelated, thereby simplifying the 
computation of the standard uncertainty of a predicted correction. Since 1 0n

k kθ= =∑  when 
( )0 1 ,n

k kt t t n== = ∑  and 24,008 5 Ct = °  in the present case, repeating the least-squares fit with 
0 24,008 5 Ct t= = °  would lead to values of y1 and y2 that are uncorrelated. (The temperature t  is also the 

temperature at which u2[b(t)] is a minimum — see H.3.4.) However, repeating the fit is unnecessary because 
it can be shown that 

( ) ( )1 2b t y y t t′= + −  (H.16a) 

( ) ( ) ( ) ( )22 2 2
c 1 2u b t u y t t u y⎡ ⎤ ′= + −⎣ ⎦  (H.16b) 

( )1 2, 0r y y′ =  (H.16c) 

where 

( )1 1 2 0y y y t t′ = + −  

( ) ( ) ( )0 1 1 2 2,t t s y r y y s y= −  

( ) ( ) ( )2 2 2
1 1 1 21 ,s y s y r y y⎡ ⎤′ = −⎣ ⎦  

and in writing Equation (H.16b), the substitutions u(y′1) = s(y′1) and u(y2) = s(y2) have been made [see 
Equation (H.15)]. 

Application of these relations to the results given in H.3.3 yields 

( ) ( ) ( )( )0,162 5 11 0,002 18 67 24,008 5 Cb t t= − + − °  (H.17a) 

( ) ( ) ( ) ( )2 2 22
c 0,001 1 24,008 5 C 0,000 67u b t t⎡ ⎤ = + − °⎣ ⎦  (H.17b) 

That these expressions give the same results as Equations (H.14) and (H.15) can be checked by repeating 
the calculation of b(30 °C) and uc[b(30 °C)]. The substitution of t = 30 °C into Equations (H.17a) and (H.17b) 
yields 

( )30 C 0,149 4 Cb ° = − °  

( )c 30 C 0,004 1 Cu b⎡ ⎤° = °⎣ ⎦  
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which are identical to the results obtained in H.3.4. The estimated covariance between two predicted 
corrections b(t1) and b(t2) may be obtained from Equation (H.9) in H.2.3. 

H.3.6 Other considerations 

The least-squares method can be used to fit higher-order curves to data points, and is also applicable to 
cases where the individual data points have uncertainties. Standard texts on the subject should be consulted 
for details [8]. However, the following examples illustrate two cases where the measured corrections bk are not 
assumed to be exactly known. 

1) Let each tk have negligible uncertainty, let each of the n values tR, k be obtained from a series of m 
repeated readings, and let the pooled estimate of variance for such readings based on a large amount of 
data obtained over several months be 2

ps . Then the estimated variance of each tR, k is 2 2
p 0/s m u=  and 

each observed correction bk = tR, k − tk has the same standard uncertainty u0. Under these circumstances 
(and under the assumption that there is no reason to believe that the linear model is incorrect), 2

0u  
replaces s2 in Equations (H.13c) and (H.13d). 

NOTE A pooled estimate of variance 2
ps  based on N series of independent observations of the same random 

variable is obtained from 

2

2 1
p

1

N

i i
i

N

i
i

v s
s

v

=

=

=
∑

∑
 

where 2
is  is the experimental variance of the i th series of ni independent repeated observations [Equation (4) in 

4.2.2] and has degrees of freedom vi = ni − 1. The degrees of freedom of 2
ps  is 1

N
i iv v==∑ . The experimental variance 

2
p /s m  (and the experimental standard deviation p /s m ) of the arithmetic mean of m independent observations 

characterized by the pooled estimate of variance 2
ps  also has v degrees of freedom. 

2) Suppose that each tk has negligible uncertainty, that a correction εk is applied to each of the n values tR, k, 
and that each correction has the same standard uncertainty ua. Then the standard uncertainty of each 
bk = tR, k − tk is also ua, and 2

1( )s y  is replaced by 2 2
1 a( )s y u+  and 2

1( )s y′  is replaced by 2 2
1 a( )s y u′ + . 

H.4 Measurement of activity 

This example is similar to example H.2, the simultaneous measurement of resistance and reactance, in that 
the data can be analysed in two different ways but each yields essentially the same numerical result. The first 
approach illustrates once again the need to take the observed correlations between input quantities into 
account. 

H.4.1 The measurement problem 

The unknown radon (222Rn) activity concentration in a water sample is determined by liquid-scintillation 
counting against a radon-in-water standard sample having a known activity concentration. The unknown 
activity concentration is obtained by measuring three counting sources consisting of approximately 5 g of 
water and 12 g of organic emulsion scintillator in vials of volume 22 ml: 

Source (a) a standard consisting of a mass mS of the standard solution with a known activity 
concentration; 

Source (b) a matched blank water sample containing no radioactive material, used to obtain the 
background counting rate; 

Source (c) the sample consisting of an aliquot of mass mx with unknown activity concentration. 
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H.4.3.1 Results: approach 1 

As indicated earlier, Ax and uc(Ax) may be obtained in two different ways from Equation (H.20). In the first 
approach, Ax is calculated using the arithmetic means xR  and SR , which leads to 

S
S

S
0,430 0 Bq gx

x
x

m R
A A

m R
= =  (H.22a) 

Application of Equation (16) in 5.2.2 to this expression yields for the combined variance 2
c ( )xu A  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 22 2 2 2
S Sc S S

S2 2 2 2 2 2
SS S S

2 ,x xx x
x

xx x x

u R u R u R u Ru A u A u m u m
r R R

R RA A m m R R
= + + + + −  (H.22b) 

where, as noted in H.4.2, the last three terms give 2 2
S S( / ) / ( / )x xu R R R R , the estimated relative variance of 

S/xR R . Consistent with the discussion of H.2.4, the results in Table H.8 show that R  is not exactly equal to 
S/xR R ; and that the standard uncertainty S( / )xu R R  of S/xR R  is not exactly equal to the standard 

uncertainty ( )s R  of R . 

Substitution of the values of the relevant quantities into Equations (H.22a) and (H.22b) yields 

( )c 21,93 10x

x

u A
A

−= ×  

( )c 0,008 3 Bq gxu A =  

The result of the measurement may then be stated as: 

Ax = 0,430 0 Bq/g with a combined standard uncertainty of uc = 0,008 3 Bq/g. 

H.4.3.2 Results: approach 2 

In the second approach, which avoids the correlation between xR  and SR , Ax is calculated using the 
arithmetic mean R. Thus 

S
S 0,430 4 Bq gx

x

m
A A R

m
= =  (H.23a) 

The expression for 2
c ( )xu A  is simply 

( ) ( ) ( ) ( ) ( )22 2 2 2
c S S

2 2 2 2 2
S S

x x

x x

u Ru A u A u m u m

A A m m R
= + + +  (H.23b) 

which yields 

( )c 21,95 10x

x

u A
A

−= ×  

( )c 0,008 4 Bq gxu A =  

The result of the measurement may then be stated as: 

Ax = 0,430 4 Bq/g with a combined standard uncertainty of uc = 0,008 4 Bq/g. 

The effective degrees of freedom of uc can be evaluated using the Welch-Satterthwaite formula in the manner 
illustrated in H.1.6. 
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